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ABSTRACT: The popular statistics used in correlation analysis, the correlation coefficientR and coefficient of
determinationR2, belong to the model of common linear regression with an exact explanatory variable and freely
fitted intercept. When they are used in other models, the common equation must be modified and the interpretation
revised. The resulting equations are discussed for the model with a fixed intercept. For the models with errors in either
variable and with both modifications, new equations are suggested. Under these conditions,R may be defined
differently, always in at least two ways; the different interpretations are discussed. Some properties of these
definitions are shown, particularly the sensitivity to coordinate transformations. These properties and interpretations
differ from those ofR in the common linear regression, hence the values in different models must not be directly
compared. Applications in chemistry and some cases of misuse in the literature are mentioned. Copyright 1999
John Wiley & Sons, Ltd.
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INTRODUCTION

In the correlation analysis of chemical data, simple or
multiple regression is the most common mathematical
tool.1 The adherence of the model to the data is often
expressed by the correlation coefficient,R. In connection
with regression, the more exact term is the coefficient of
determination,R2. Two notes have appeared2 suggesting
the suitable statistics which should be published in
chemical papers to evaluate the fit and to compare
various regressions; the coefficient of determination was
always included. Jaffe´’s classical review3 gives, in
addition toR, the standard deviation from the regression
line, SD, and the number of data points,N. These
statistics can be considered as standard and are also in the
output of all programs. Some papers are excessively brief
when they give justR as the only characteristic (e.g. Ref.
4), and sometimes evenN is not explicitly given.5 On the
other hand, some cautionary notes6 have drawn attention
to the asymmetric distribution ofR and its strong
dependence on the number of degrees of freedom. Great

caution is necessary when interpretingR derived with
only a few degrees of freedom, and in this case even the
adjusted coefficient of determination,7 R2

a, will not help.
Several times, the use ofR was completely rejected in
connection with regression,8 for not convincing reasons.
In fact,R is closely related to one specific model of linear
regression whose conditions are not fulfilled in all
applications.9 Alternative models have also been used
in chemistry but are not common. Regression with a fixed
origin (the no-intercept model) has been advocated,8b,10

mainly in cases when this origin has a particular physical
meaning, in correlation analysis, for instance, with
hydrogen as substituent. In other cases, regressions are
of importance with experimental errors on both coordi-
nates.11 Sometimes,R was calculated even in these cases,
although already its definition may be doubtful. Sum-
marizing, applications ofR in chemistry are not always
satisfactory and clear instructions for its use in various
cases have not been presented.

In this paper, we deal with the extension ofR2 to these
non-typical regressions. There are questions of what
modifications of the mathematical formula are needed
and to what extent the interpretation can be maintained
that is common in the normal regression. The problem
has been tackled by Kva˚lseth9 in a more general way. He
collected several general expressions forR2, postulated
their desirable properties and applied them also to the no-
intercept model (denoted B below). In this paper, these

JOURNAL OF PHYSICAL ORGANIC CHEMISTRY
J. Phys. Org. Chem.12, 151–156 (1999)

Copyright  1999 John Wiley & Sons, Ltd. CCC 0894–3230/99/020151–06 $17.50

*Correspondence to:O. Exner, Insitute of Organic Chemistry and
Biochemistry, Academy of Sciences of the Czech Republic, 16610
Praha 6, Czech Republic.
Contract/grant sponsor:Grant Agency of the Czech Republic;
Contract/grant number:203/96/1658;Contract/grant number:Coper-
nicus IRP-10053.



considerations will be extended also to the functional
models (denoted C and D) with particular attention to the
applications in the chemical correlation analysis: several
misunderstandings in the literature will be pointed out.

DEFINITIONS OF R

Of the various possible definitions7,9 we have chosen the
following two:

R2
1 � 1ÿ RSSP�yÿ �y�2 �1�

R2
2 �

�P�yÿ �y��ŷÿ �̂y��2P�yÿ �y�2P�ŷÿ �̂y�2 �2�

They are general and can be applied in various types of
regressions and even outside regression, i.e. always when
real values ofy and those predicted by any theory,ŷ, are
to be compared.R1

2 in Eqn 1 may be understood as the
amount of information gained from the regression.9 The
numeratorRSS is the residual sum of squares, i.e. of
squared differences between the values ofy and the
predicted valuesŷ. It may be denoted also as the
information entropy after the regression. The denomi-
nator is the entropy before any regression has been
attempted, i.e. when only the mean valuey and the
standard deviation from this mean were known.R2 in Eqn
2 can be viewed as cosine of the angle of two vectors in
theN-dimensional sample space: the vector of real values
y and the vector of predicted values yˆ; y and ŷ are the
mean values ofy andŷ, respectively. These two equations
are considered here as basic definitions and will be
applied in regressions of four types which differ by the
explanatory variable (exact or loaded with error) and by

the intercept (freely fitted or fixed). Kva˚lseth9 gives some
other general equations but some of them differ very
little. We found the two definitions in Eqns 1 and 2 to be
sufficient for differentiating and characterizing our
models.

R IN VARIOUS REGRESSION MODELS

(A) Common linear regression

This common type of linear regression with an exact
explanatory variable and freely fitted intercept is used in
almost all chemical applications. The regression line is a
common straight line and the least-squares condition
concerns the sum of squares of vertical deviations from
this line (see Table 1 where the equations are summar-
ized). The slope of the regression line is estimated asb3

(we use always the same subscript as is the number of the
equation):

b3 �
P�xÿ �x��yÿ �y�P�xÿ �x�2 �3�

The two definitions ofR2 in Eqns 1 and 2 yield in this
case the same popular equation known from textbooks:

R2
4 �

�P�xÿ �x��yÿ �y��2P�xÿ �x�2P�yÿ �y�2 �4�

Some properties of this characteristic are given in Table
1. Note thatR2

4 according to Eqn 4 is invariant to any
linear transformation of either variable, i.e. to both shift
of the intercept and change of scaling. However, it is
affected by rotation of coordinates. This is all well

Table 1. Some properties of various regression models

Model

Parameter A B C D

Equation of dependence y = a�bx y= bx y= a�bx y= bx
Criterion to be minimized � (yÿ aÿ bx)2 � (yÿ bx)2 � (yÿ aÿ bx)2/(1� b2) � (yÿ bx)2/(1� b2)
Estimate ofb b3, Eqn 3 b5, Eqn 5 b9, Eqn 9 b12, Eqn 12
Definition based onR1

2 R4
2, Eqn 4 R6

2, Eqn 6 R10
2 Eqn 10 R13

2, Eqn 13
Invariance to multiplication by a

positive constant
Yes Yes Yes if both the same Yes if both the same

Invariance to shift Yes No Yes No
Invariance to rotation No No Yes Yes
Definition based onR2

2 R4
2, Eqn 4 R7

2, Eqn 7 R4
2, Eqn 4 R7

2, Eqn 7
Invariance to multiplication by a

positive constant
Yes Yes Yes Yes

Invariance to shift Yes No Yes No
Invariance to rotation No No No No
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known. The only problem in this type of regression may
be whether it has been applied correctly in a given case.
Particularly the following applications may be accepted
as correct: (a) the variablex is (approximately) free of
error, the variabley is loaded with an experimental error
and the deviations from the regression are caused only by
these errors; (b) both variables are (approximately) exact
but y contains an unknown component which does not
depend onx and possesses a regular distribution; the
deviations are caused by the latter factor; (c) both
variables are exact and the deviations are caused by their
inexact dependence; there are physical reasons whyy can
be predicted fromx and not vice versa (for instance, the
reaction rate can depend on temperature, not conversely).
Many applications in chemistry meet these presumptions
only roughly, or not at all.

(B) No-intercept model

This model assumes an exact explanatory variable and
fixed intercept. The intercept may lie at the point (0,0).
The regression line goes through this point and the least-
squares criterion is the same as in the preceding model
(see Table 1). The estimateb5 of the unknown slopeb is
given by

b5 �
P

xyP
x2

�5�

The two definitions ofR2 in Eqns 1 and 2 in this case
yield different results, Eqns 6 and 7, respectively, but the
derivation is not self-evident. Here we retained the
meaning of y in Eqn 6. In Eqn 7, which was
recommended as the only possibility,9 bothy andŷ were
taken as zero, i.e. at the fixed origin.

R2
6 �
�P xy�2 ÿ �P x2��P y�2=NP

x2
P�yÿ �y�2 �6�

R2
7 �

�P xy�2P
x2
P

y2
�7�

Following the definitions, the meanings ofR2
6 andR2

7 are
different. WhereasR2

6 characterizes the adherence to the
model and the success of predicting within the data set,
R2

7 describes the fit viewed from the point (0,0), with
respect to the whole size ofy. In extreme cases,
particularly when all data points are distant from the
origin, R2

6 and R2
7 may differ sharply andR2

6 may be
even negative.9 Such an extreme case is shown in Fig.
1(a). A negativeR2

6 means that the model is completely
wrong in this case; a better prediction would be to predict
for all points the mean value ofy: ŷi = y. On the other
hand,R2

7 tells us that the prediction is not so bad with
respect to the whole value ofy: from the point (0,0) we
see the predicted and real values in similar directions.

Another extreme case, Fig. 1(b), shows dramatically the
consequences of the hard condition of a fixed intercept.
All points are situated on the same side of the regression
line: the fit is bad according to bothR2

6 and R2
7. A

characteristic feature of bothR2
6 and R2

7 is also their
sensitivity to shift (Table 1). When the data points are far
from the intercept,R2

6 and R2
7 may differ considerably

from each other and also fromR2
4 in the model A. On the

other hand, forx = y = 0, R2
4 = R2

6 = R7
2

Figure 1 also shows that the models A and B can yield
divergent results. Therefore, the common correlation
coefficient R2

4 must not be introduced into the no-
intercept model. An often used statistic10 of this model is
f [Eqn 8]. In this equation,SD is the standard deviation

Figure 1. Schematic representation of linear regression with
the ®xed intercept (model B) in two extreme cases of bad
®tting; scaling on both axes is arbitrary. Regression lines (full
lines) are controlled by the hard condition of the ®xed
intercept: very low values of the coef®cient of determination
R2

6 indicate that the model is wrong and unable to predict the
values of y from x. In Fig. (b) the prediction is bad even with
respect to the whole value of y (low R2

7) but in Fig. (a) it is not
so bad (reasonable R2

7; the points are seen from the intercept
in the right direction). When the constraint of the ®xed
intercept is left, the model is changed to model A with a
much better ®t (broken lines and coef®cients R2

4)
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from the regression line, which is connected toR2
7 [see

Eqn 8, right part]. A similar parameter , suggested many
years ago by Exner,12 is related in a similar way toR2

4 and
belongs to the model A but its main significance is
outside the regression models. Includingf in model A, for
instance,5b,13 is a misunderstanding, similar to usingR2

4
in the no-intercept model.14

f � SD�����������������P
y2=N

p �
������������������������������

N
N ÿ 1

�1ÿ R2
7�

r
�8�

In practical applications, the no-intercept model is
warranted particularly in the following situations: (a)
the point (0,0) has an absolute significance (for instance,
null dose–no response); (b) one point has been obtained
experimentally with an extraordinary precision; (c) each
value yi has been determined against a referenceyi

0,
measured simultaneously;11 the actual variable is then (y
-y0)i. These conditions are not met in the most popular
chemical applications;8b,10 there the point (0,0) may
sometimes be known with an improved precision and
sometimes not; in no case has its higher precision been
statistically proven. In most of these applications,
however, y is not far from the origin, so that the
difference between models A and B is not dramatic.

(C) Functional model

This model assumes both variables loaded with error and
freely fitted intercept. The whole model is symmetrical
with respect to the two variables, which means that their
interchange does not affect the results. The errors in both

variables can be assumed with the same variance and
independent. If the variances are not the same, one
variable may be rescaled. The least-squares condition
(see Table 1) refers to the squared perpendicular
distances from the regression line. It gives the estimate
of the slopeb according to the equation

b9 �
P�yÿ �y�2ÿP�xÿ �x�2

2
P�xÿ �x��yÿ �y�

�
��������������������������������������������������������������������������������������������������
�P�yÿ �y�2 ÿP�xÿ �x�2�2� 4�P�xÿ �x��yÿ �y��2

q
2
P�xÿ �x��yÿ �y�

�9�

When applying Eqn 1, one must give a new meaning to
the denominator, which generally means the information
entropy before the regression. We suggest here the
following definition:

R2
10 � 1ÿ RSS

RSSmax
� �b2

9� 1�P�xÿ �x��yÿ �y�
b9
P�yÿ �y�2�P�xÿ �x��yÿ �y�

�10�

RSS means the minimum sum of squares when the
regression line has the optimum slope andRSSmaxmeans
the residual sum of squares when the line has the worst
possible slope (perpendicular to the optimum slope). An
alternative definition of the denominator leads to Eqn 11,
which corresponds to that used in a previous paper.11 The
properties ofR2

10 andR2
11 are similar, but we prefer the

former, which can be understood in a simpler way. The
main defect ofR2

11 is that it is always greater than 0.5. In
the region of close correlations their values are near to
each other, generallyR2

11>R2
10>R2

4.

R2
11 � 1ÿ RSSP�xÿ �x�2�P�yÿ �y�2

�
P�xÿ �x�2 � b9

P�xÿ �x��yÿ �y�P�xÿ �x�2�P�yÿ �y�2 �11�

The second definition ofR2 [Eqn 2] yields the same result
as in model A, viz. Eqn 4. Again, the meanings ofR2

10 and
R2

4 in this model are different.R2
10 characterizes the

adherence of the points to a straight line, irrespective of
its slopeb. Its invariance to rotation of coordinates is the
most striking feature (Table 1); we may imagine that it
characterizes a property of an array of points irrespective
of its position in the plane. On the other hand,R2

4 in this
model describes the effectiveness of predictingy from x
or, with respect to the model symmetry, alsox from y. A
great difference between the two concepts is to be

Figure 2. Schematic representation of linear regression with
errors in both variables, model C, in an extreme case with a
small slope; scaling is arbitrary but equal on both axes.
Adherence to the regression line is not bad according to R2

10
(or R2

11 with the same signi®cance), but a prediction of y from
x would be ineffective (low value of R2

4)
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expected when the regression slope is far from unity.
Such an extreme case is shown in Fig. 2. Adherence to the
regression line is not so bad (R2

10) but an efficient
prediction is impossible (R2

4). Even in more realistic
examples,R2

10 is generally greater thanR2
4 for the same

data set, and the two values must not be directly
compared.

In practice, this model is applicable particularly in the
following cases: (a) the two variables are given in the
same units and their experimental errors are equal; (b) the
two variables are given in different units and scaled
in such a way that the experimental errors are represented
by equal given lines (this standardization seems to us
more reasonable than that based on the standard
deviations15 sx and sy). The case when the variables
are in the same units and their precisions differ
considerably may be better approximated by model A.

(D) Functional no-intercept model

In this model, both variables are loaded with error and the
intercept is fixed. Again, the errors in either coordinate
are equally dispersed and independent, and the fixed
intercept is at the point (0,0). The regression line passes
through the origin as in model B, the least-squares
condition relates to the perpendicular distances as in
model C (see Table 1). The estimate of the slopeb is
given by Eqn 12 and the coefficient of determination by
Eqn 13; both equations follow from Eqns 9 and 10 for
x = y = 0.

b12 �
P

y2 ÿP x2�
��������������������������������������������������������
�P y2ÿP x2�2� 4�P xy�2

q
2
P

xy �12�
R2

13 �
�b2

12� 1�P xy
b12
P

y2�P xy
�13�

The other possibility isR2
14 in Eqn 14, used previously,11

which follows in the same way from Eqn 11. The
difference betweenR2

13 and R2
14 is slight, as it was

betweenR2
10 andR2

11

R2
14 � 1ÿ RSSP

x2�P y2
�
P

x2� b12
P

xyP
x2�P y2

�14�

The second, less suitable, definition of the coefficient of
determination according to Eqn 2 yields the same result11

as in model B, Eqn 7. The meaning of these two
definitions is less easy to understand then in the preceding
models since the properties of models B and C are
combined. The most striking feature ofR2

13 is again its
invariance to rotation of coordinates (Table 1). It
expresses the adherence to a straight line passing through
the origin, using a perpendicular straight line as
reference. It is therefore sensitive to the distance from
the origin. On the other hand,R2

7 is oriented to the
prediction of y from x or vice versa. Differences are
expected particularly when the slopeb is far from unity.
In an extreme case (Fig. 3),R2

13 is high since the origin is
relatively distant, although the adherence to the model is
evidently not good.R2

7 is low since any prediction would
be very bad. None of these values bears any relation to
the adherence to the better model C (dashed line). This is
due to the hard condition of a fixed intercept and shows
conclusively how misleading such a hard condition can
be when it is not realistic.

The conditions when this model is preferable are not
encountered often. In one case,11 x andy were measured
in the same units and at the same accuracy (as in model
C) against the standards; the actual variables were thus
the valuesxÿ x0 andyÿ y0 (as in model B).

CONCLUSIONS

The coefficient of determination can be defined in a
different way and no definition can bea priori preferred.
Only in classical linear regression (model A) do all
definitions yield the same equation [Eqn 4], which meets
all requirements for this statistic.9 In the other models, B–
D, two or more meaningful definitions ofR2 are possible
but their values cannot be compared with each other and
the less so between individual models.

The main problem is already in the choice of the proper
model. In our opinion, the no-intercept regression (model
B) is acceptable only if it is dictated by strict physical

Figure 3. Schematic representation of linear regression with
the ®xed intercept and errors in both variables, model D, in
an extreme case of bad ®tting; scaling is arbitrary but equal
on both axes. Adherence to the line is apparently family
good (according to R2

13 or R2
14), but this is caused by the hard

condition of a ®xed intercept and by the arti®cial comparison
with a perpendicular line involved in Eqn 13. When the
constraint of the ®xed intercept is left, the model is changed
to model C (broken line and coef®cient R2

10)
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grounds; this is not often the case in chemical applica-
tions. In common cases, when the zero intercept is
theoretically anticipated but may be also loaded with
error, we recommend, in agreement with others,16 the use
of the common regression, model A. When a statistically
insignificant value is obtained for the intercept, the
anticipation has been confirmed and there is no strong
necessity to use the no-intercept model B. On the other
hand, the improper use of model B can lead to great
mistakes (see Fig. 1). In practice, the consequences will
not be so great, particularly in the two following limiting
cases. In the first case, the center of gravity of all points
(x, y) is not far from the origin, thenR2

4, R2
6 andR2

7 are
near to each other. In the second case, the correlation is so
close thatR2 according to any definition is approaching
unity.

The functional model (C or D) is different in principle
but even here there is some possibility of replacing it by
the common type A. One such case is when the error of
one variable is much smaller than that of the other. Then
the former variable can be taken as exact with a good
approximation. Another such case arises when one
variable must be considered as independent and can
never be predicted from the other (time, temperature).
Sometimes the values of this variable can be taken as
exact if they are adjusted to a certain value, i.e. not
measured17 (for instance,x would denote the temperature
for which the thermostat was adjusted, not the actual
temperature in the reaction vessel). In the statistical
sense, such a value represents the expected value for all
possible experiments with the given value ofx, hence the
whole experimental error is shifted to the dependent
variabley.When the functional model cannot be replaced
by the common type with a reasonable approximation,
one has to use one of the two types ofR discussed here.
The choice between them should depend on the purpose:
R10 or R13 quantify the adherence to a straight line and
are independent of rotation whereasR4 or R7 express the
strength of prediction ofy from x or vice versa.

In conclusion, the classical model of regression and the
common equation forR2

4 can be used to a broader extent
than follows from the strict conditions of their derivation.
In the cases when it cannot be used, a particular definition
of R2 must be specified and values ofR2 according to
different definitions must not be compared. Let us stress
that the coefficient of determination is never satisfactory
for judging the fit or the importance of an empirical
correlation: it should be always considered in connection
with other statistics2 (e.g. residual standard deviation,
standard deviations of the regression coefficients). Of

course, all statistical tools can prove only a disagreement
with the model, not agreement.

Note that the relationships developed here could in
principle be extended to multiple linear regression and
the pertinent equation could be developed. In addition to
the standard model A, model B may also have practical
importance whereas for models C and D it is difficult to
imagine a situation with three equivalent interchangeable
variables.
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